Abstract. Spinning point particle theories accommodate non-generic supercharges in connection with the existence of Killing-Yano tensors. Killing-Yano tensors of order two and three and their corresponding Killing tensors are found for a subclass of generalized pp-wave metrics. These metrics include the pp-wave itself, its possible generalizations and the Siklos metric which is conformal to that. The compatibility between geometric duality and non-generic symmetries is discussed within the context of the metric solutions. It is also found that some of the metric solutions admit anti-de Sitter spacetimes while some are found to be purely radiative.
INTRODUCTION
Killing-Yano (KY) tensors were first introduced by Yano [1] from a mathematical point of view, long before they became an object of interest for reltivists [2] . Later on, it was found that the separability of the Dirac equation is connected with the existence of Killing-Yano tensors on curved backgrounds [3] . Likewise, some specific KY tensors produce symmetries for Dirac type operators [4] . Recently, it is discovered that they are closely related to non-generic supersymmetries in spinning point particle theories [5] , [6] .
Killing tensors are related to constants of motion and therefore is crucial in solving the geodesic equation. It is shown to be possible to construct Killing tensors from KY tensors, without actually solving the Killing equation [3] . Furthermore, and as interesting as that, dual spacetimes and consequently geometric dualities in the phase space, can be realized from non-degenerate Killing tensors [7] . Since there isn't any well-defined method which one can conclude in advance, whether the mere existence of KY tensors is sufficient to produce geometric dualities, analyzing specific examples can be considered as a step forward to a better understanding of this compatibility problem.
In this context, it is worthwhile to investigate metrics which are also interesting in their own right. We will consider the pp-wave metric [8] and the Siklos metric [9] which is conformal to it, in addition to the generalized pp-wave metric and its conformal form. Solutions to the KY tensor equations will restrict the form of the metrics [10] . We will also investigate whether those restrictions can be connected to some interesting features of those spacetimes, such as the radiation property.
GENERALITIES
In this section we will sketch the path which starts from the existence of supercharges in connection with KY tensors, going through the formation of non-degenerate Killing tensors, and finally ending up with dual geometries.
Killing-Yano tensors and non-generic symmetries
The spinning particle model was constructed to be supersymmetric [5] , therefore independent of the form of the metric there is always a conserved supercharge Q 0 ¢ Π µ ψ µ . Here, Π µ is the covariant momenta and ψ µ are odd Grassmann variables. The existence of Killing-Yano tensors f ν 1 ν 2
ν r of rank r are related to non-generic supersymmetries described by the following supercharge
where
ν r is the solution of the KY equation
and Q f is a superinvariant:
The Jacobi identities and (2) guarantee that it is also a constant of motion:
and with the appropriate definitions of the brackets.
Killing tensors obtained from Killing-Yano tensors
Second rank Killing tensors can be constructed from any rank KY tensors by appropriate constructions. For instance for a second rank KY tensor it is expressed as
and for third rank one has
The above symmetric second rank tensors satisfy the Killing equation:
Dual metrics obtained from Killing tensors
If the Killing tensor K µν is non-degenerate, then through the relation
the second rank tensor k µν , which is obviously itself is non-degenerate can be viewed as the metric on the "dual" space. It has been shown that [7] that K µν and g µν are reciprocally the contravariant components of the Killing tensors with respect to each other. The phase space accommodates the notion of geometric duality in the following manner: The constant of motion K ¢ 1 2 K µν Π µ Π ν , generates symmetry transformations on the phase space linear in momentum: 
EXAMPLES
Given any spacetime the path described in the previous section can not always be completed. In this section we will work through some specific spacetimes. We will give solutions to the KY equations of rank two and three for the pp-wave metric, the Siklos metric, the generalized pp-wave metric and its conformal form. In general there are 24 independent equations, to be solved for the six independent components of the KillingYano tensor of rank two and 15 independent equations correspond for four independent components of the KY tensor of rank three, respectively. Although we have done a through analysis to find all solutions to (2), we will not give them all. From all the solutions we will choose those admitting both the the KY tensor and the dual metrics. If no such solution exist, then we will give the cases when the spacetime have some particular interesting properties, or else we give at least one solution.
The pp-wave meric
The pp-wave metric, describes plane fronted waves with parallel rays, admit a nonexpanding shear-free and twist-free null-geodesic congruence, can be expressed in the form [8] : ds A KY tensor of order three has three non-vanishing components:
where the metric function is found to be
Here
The Siklos metric
The Siklos metric is expressed as
where β
3( Λ and Λ is the negative cosmological constant. The presence of a negative cosmological constant implies that the spacetime is not asymptotically flat. It is demonstrated in [9] , that they represent the only non-trivial Einstein spaces conformal to non-flat pp-waves. Similar to that of the pp-wave metric the Siklos metric also has vanishing optical parameters.
The KY tensor is found as
and for the metric we have an anti-de Sitter solution
As is well-known, an anti-de Sitter spacetime is conformally flat and solves Einstein's equations with a cosmological constant. From (15) and (4) Killing tensors are obtained as
The dual metric for this Killing tensor is calculated and found to be:
Although the initial anti-de Sitter spacetime specified by (16) is conformally flat, the above dual metric is more general and is not conformally flat. This example is crucial in the sense that we have compatibility between the nongeneric symmetries and the dual metrics.
Third rank KY tensors are found as The generalized pp-wave meric
The pp-wave metric can be generalized as
where A x y u and H v x y u are functions of their arguments, to fall into a subclass of metrics admitting a parallel field of null 1-plane. Such a spacetime consists in a recurrent field of null vectors: If l µ is a basis for the plane we have:
where l µ is a basis and κ µ is the recurrence vector of the plane. From (23) and the Ricci identity we have
where f αβ This is the second example we have found which admits non-generic symmetries and dual metrics simultaneously.
We have found several two component third rank KY tensors. Here we introduce two distinct solutions only when the spacetime is pure radiative, i.e.,
where G µν is the Einstein tensor. The scalar curvature becomes zero, restricting the form of the metric function A to:
We have the third rank KY as
The metric functions A u and H
x u are subject to the solutions of
The components of the corresponding Killing tensor are:
The other solution is
where the metric functions A u and h1 u are related as in (31). The components corresponding Killing tensor are:
Conformal g-pp metric
The generalized pp-wave metric will assume a conform factor as in the Siklos metric and therefore takes the form:
It is known that not all metrics admit KY tensors. This metric admits at least a onecomponent KY tensor f 34
where A is a function of u only, and H x y u is a function of its arguments. Further analysis should be carried out to investigate whether it admits more component solutions.
The corresponding one component Killing tensor is:
(37)
CONCLUSION
We have found KY tensors of order two and three for several metrics included in a subclass of a more general type from the pp-wave metric and their conformal forms of a particular type. We have found spacetimes simultaneously admitting the KY tensors and the dual metrics. Although, we have investigated all third rank KY tensors, none of those yielded dual metrics. We believe that this aspect of the third rank KY tensors should be investigated from a more general point of view. The metric functions have been restricted to obtain KY tensors. Consequently, it is observed that some metric solutions admitted pure radiative spacetimes, and some others are found to admit anti-de Sitter solutions.
